HOPF ACTIONS AND NAKAYAMA AUTOMORPHISMS 



K. CHAN, C. WALTON AND J.J. ZHANG 

Abstract. Let H be a Hopf algebra with antipodo S, and let A bo an A''- 
Koszul Artin-Scholter regular algebra. We study connections between the 
Nakayama automorphism of A and of H when H coacts on A inner- 
faithfuUy. Several applications pertaining to Hopf actions on Artin-Schelter 
regular algebras are given. 



0. Introduction 

This article is a study in noncommutativc invariant theory, particularly on the 
actions of finite dimensional Hopf algebras on Artin-Schelter regular (AS regular, 
for short) algebras. This is achieved with the use of Nakayama automorphisms as 
we explain below. 

Let fc be a base field and let B be either a connected graded AS regular algebra 
or a noetherian AS regular Hopf algebra. An algebra automorphism of B is 
called a Nakayama automorphism of B if there is an integer d > such that 



(EO.0.1) Ext^e(B,B'=) ^ 



^«Bi if i^d, 
a i^d 



as B-bimodulcs, where B^ = B ® B°p [BZ081 Definition 4.4(b)]. The algebra B is 
called Calahi-Yau if /is = Id- Also, the quantity d is the global dimension of B 
when B is as given above. The definition of /is is motivated by the classical notion 
of the Nakayama automorphism of a Frobenius algebra, which will be reviewed in 
Section [TJ 

Note that the Nakayama automorphism /is is unique up to inner automorphism 
of -B. If i? is connected graded, then the Nakayama automorphism can be chosen 
to be a graded algebra automorphism, and in this case, it is unique since B has no 
non-trivial graded inner automorphism. 

Brown and third-named author proved that the Nakayama automorphism of a 
noetherian AS regular Hopf algebra K with antipode S is given by 



(EO.0.2) fiK = S^oE' 
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where is the left winding automorphisni of K associated to the left liomological 

integral f oi K |BZ081 Theorem 0.3]. This is an example of how one can express 
homological invariants (e.g., the Nakayama automorphism) in terms of other invari- 
ants (e.g., S'^ and /'). Since K coacts on K by comultiplication, Equation (|E0.0.2|) 
can be interpreted as a linkage between the Nakayama automorphism of the un- 
derlying algebra i^aig of K and the antipode of the Hopf algebra K that coacts on 

This paper explores connections between properties (as well as numerical invari- 
ants) of a connected graded AS regular algebra A (which is not necessarily a Hopf 
algebra) and that of a Hopf algebra where K acts or coacts on A. One of the key 
ideas here is to use Manin's construction of quantum linear groups |Man88i IManQlj 
to express 5^ of K in terms of the Nakayama automorphism of A. 

Before we state our main result, we introduce inner-faithful Hopf actions. Let N 
be a right i^T-comodule via the comodule structure map p : N ^ N ® K . In other 
words, K coacts on N . We say that this coaction is inner-faithful if for any proper 
Hopf subalgebra K' C K, we have that p{N) gL N ® K'. A left if-module M is 
called inner-faithful if there is no nonzero Hopf ideal I C K such that IM = 0. 

Theorem 0.1. Let A be a connected graded N-Koszul AS regular algebra with 
Nakayama automorphism pA- Here, N > 2. Let K be a Hopf algebra with bijective 
antipode S coacting on A from the right. Suppose that the homological codetermi- 
nant fDefinition \1..5\( b)) of the K-coaction on A is the element D G K and that the 
K-coaction on A is inner-faithful. Then 

(EO.1.1) VDoS^^ri^r^, 

where rjo is the automorphism of K defined by conjugating D and rj^r^ is the auto- 
morphism of K given by conjugating by the transpose of the corresponding matrix 
of P-A- 

The automorphism t^d of K is given by 770(0) = D^^aD for all a € K. More- 
over, the algebra automorphism rj^-r^ is defined by using "coordinates" , yet it is 
worth noting that Theorem 10.11 implies that the definition of this automorphism is 
independent of the choice of coordinates. See Remark 13.41 and the discussion after 
Lemma fOl for more details. We also conjecture that Theorem 10 . 1 1 should hold when 
A is not necessarily A^-Koszul. To prove this, first we need to resolve a technical 
issue; see Remark |4?2] 

There are some similarities between the equations (|E0.0.2[) and (jEO.l.ip , though 
these two equations are different at first glance. It would be very interesting if both 
equations come from a single more general equation. 



Question 0.2. Is there a way of unifying (|E0.0.2p and (|E0.1.1|) ? 
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Theorem 10.11 has several apphcations to the study of finite dimensional Hopf 
actions on connected graded AS regular algebras. For the rest of the introduction, 
we consider Hopf algebra actions (instead of coactions). Further, we impose the 
following hypotheses for the rest of the article unless stated otherwise. 

Hypothesis 0.3. We assume that 

(i) H is a finite dimensional Hopf algebra; 

(ii) A is a connected graded AS regular algebra; 

(iii) H acts on A inner- faithfully; 

(iv) the H -action on A preserves the grading of A. 

The first consequence of Theorem 10. II is the following result. 

Theorem 0.4. Let k be algebraically closed. Let H act on a skew polynomial ring 
A = kp[xi, ■ ■ ■ , Xn] where p is not a root of unity, then H is a group algebra. 

A version of Theorem 10.41 holds for multi-parameter skew polynomial rings; see 
Theorem 1131 

Since H ends up being a group algebra in the theorem above, we consider this 
Hopf action to be trivial, to say, H is either commutative or cocommutative. On 
the other hand, there are many non-trivial finite dimensional Hopf algebra actions 
on skew polynomial rings kp[xi, - ■ ■ ,Xn] where p is a root of unity. For instance, 
some interesting non-trivial Hopf algebra actions on kp[xi, X2] arc given in |CKWZj . 
Thus, Theorem 10.41 prompts the question below. 

Question 0.5. Suppose that H acts on A under the assumptions of Hypothesis l0.3l 

If A does not contain the commutative polynomial ring A:[a:;i,a;2] as a subalgebra, 
is then H a group algebra? 

Theorem 15 . 101 provides positive evidence for Question lO.51 Another consequence 
of Theorem 10. II is following result. 

Theorem 0.6. Suppose that char/s = and that A is N-Koszul and so-called r- 
Nakayama. Lf the H-action on A has trivial homological determinant, then H is 
semisimple. 

As a consequence of |KKZ09[ Theorem 0.1], if a pair {H, A) satisfies the hypothe- 
ses of Theorem 10.61 then the invariant subring A^ is AS Gorenstein. Examples of 
r-Nakayama algebras include the Sklyanin algebras of dimension 3 and 4, commuta- 
tive polynomial rings k[xi, ■ ■ ■ ,Xn], and the skew polynomial ring fc_i[a:;i, • ■ • ,x„]. 
Hence, Theorem 10.61 applies to such algebras. 

In the case when H is semisimple, we show that there are no non-trivial Hopf 
algebra actions on commutative polynomial ring of two variables; compare this to 
Theorem 10:41 
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Proposition 0.7. Suppose H is semisimple and acts on the commutative polyno- 
mial ring A = k[xi,X2], where k is an algebraically closed field of characteristic 0. 
Then H is a group algebra. 

On the contrary, there exist non-scmisimplc Hopf algebras acting on A:[a;i,a;2] 
inner-faitlifully |CKWZ| . Moreover, Proposition IO . 7l suggests tlie following question. 

Question 0.8. Suppose H is semisimple and acts on a commutative domain over 
an algebraically closed field k of characteristic (not necessarily AS regular). Must 
H he a, group algebra? 

In summary, we see that if H acts on A inncr-faithfully, then algebraic proper- 
ties of A affect the structure of H. Conversely, we conjecture that the algebraic 
properties of H should affect the structure of A. 

This article is organized as follows. In Section 1, we provide background material 
on AS regularity, on Frobenius algebras and classical Nakayama automorphisms, 
on Hopf algebra actions and the homological (co) determinant for such actions, and 
on r-Nakayama algebras. Section 2 introduces several quantum groups associated 
to a graded algebra; these first appeared in |Man88| . We provide preliminary 
results on Hopf actions on Frobenius algebras in Section 3. Moreover, we prove 
the main results, namely Theorems 10 . 1 [ HCT and l0.6[ in Section 4. We also discuss 
A^-Koszul algebras in Section 4. Finally in Section 5, we provide examples of the 
main theorems using AS regular algebras of global dimension 2. We also prove 
Proposition 10 . 71 in Section 5. 

All vector spaces, algebras and rings are over the base field k. The unmarked 
tensor (X) means (E)k- The fc-linear dual of a vector space V is denoted by V* . In 
general, we use H (respectively, K) to denote a Hopf algebra that acts (respectively, 
coacts) on some algebra A. 



This section contains some preliminary material that is needed for this article. 



1.1. Artin-Schelter regularity. This article focuses on the actions of Hopf alge- 
bras on certain algebras; such algebras are given as follows. 

Definition 1.1. Let A be a connected graded algebra. We say that A is Artin- 
Schelter Gorenstein (or AS Gorenstein) if 

(i) A has finite injective dimension d < oo, and 



1. Preliminaries 



We refer to jMon93j for basic definitions regarding Hopf algebras. 




iy^d 

k{l) i^d 



for some Z G Z. 



We call I the AS index of A. 



If further 
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(iii) A has finite global dimension, 
then A is called Artin-Schelter regular (or AS regular). 

In this paper, we are not assuming that A has finite Gelfand-Kirillov dimension 
as in the standard definition of AS regularity. 

1.2. Probenius algebras and classical Nakayama automorphisms. Next we 
recall the definition of a Frobenius algebra. Let (G, +) be an abclian group (such 
as Z'' for d > 0). A G-graded, finite dimensional, unital, associative algebra B is 
called Frobenius if there is a nondegenerate associative bilinear form 

{-,-): B X B 

which is graded of degree —I for some I E G. If G is {0}, then this is the classical 
definition of a Frobenius algebra. 

If B is a connected graded algebra, then S is a Frobenius algebra if and only 
if B is AS Gorenstein of injcctive dimension zero. We call I the ^45" index of B, 
which agrees with the AS index defined in Definition ll.lf ii) when B is connected 
graded. Moreover, B is Frobenius if the fc-linear dual B* is isomorphic to -B[— ^] as 
graded left B-modules. A nice discussion about Frobenius algebras can be found 
in jSmi96| . 

The classical Nakayama automorphism of a Frobenius algebra i? is a G-graded 
algebra automorphism /i^ of _B satisfying 

(a, 6) = {b,fiB{a)) 

for all a, 6 G -B. It is well-known that the fc-linear dual B* is isomorphic to B^{—1) 
as _B-bimodules. 

1.3. Hopf algebra actions. If 77 is a Hopf algebra, we denote by H° its Hopf 
dual as in |Mon931 Theorem 9.1.3]. If H is finite dimensional, then H° = H* as a k- 
vector space. We say that H ( co)acts on an algebra ^ if ^ arises as an H- ( co )module 
algebra; refer to jMon931 Definitions 4.1.1 and 4.1.2] for the definition of a i/-module 
algebra and a i7-comodule algebra. Note that if H is finite dimensional, then M 
is a left iJ-module if and only if M is a right i7°-comodule. We also provide the 
definition of inner-faithfulness. 

Definition 1.2. Let M be a left iJ- module. We say that the i?- action on Af is 
inner-faithful |BB10[ Definition 2.7] if IM ^ for any nonzero Hopf ideal I C H. 
Let iV be a right ff-comodule with comodule structure map p : N -i- N (E) H. 
We say that this coaction is inner-faithful if p{N) N ® H' for any proper Hopf 
subalgebra H' <Z H. 

Here is an easy lemma about inncr-faithfulncss and its proof is omitted. 
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Lemma 1.3. Let H be a Hopf algebra and K := H° . Let M be a left H -module, 
or equivalently, a right K-comodule with comodule structure map p : M ^ M ®K. 

(a) If H is finite dimensional, then the left H -action on AI is inner-faithful if 
and only if the right K-coaction on M is inner-faithful. 

(b) Suppose {xi\ is a basis of M and assume that p{xi) = Xg ® asi for some 
elements Osi G K . Then, the right K-coaction on M is inner-faithful if and 
only if the subalgebra generated by {osi, S"'{asi)}s.i^n 'is K. 

(c) Let R be an algebra generated by the H-module M . Suppose that R is an 
H-module algebra with H-action induced by the H-action on M . Then, 
the H-action on R is inner-faithful if and only if the H-action on M is 
inner-faithful. □ 

1.4. Homological (co) determinant of a Hopf (co)action. We now recall the 
definition of homological determinant in two different settings: 

(1) The original definition given in |KKZ09j when the Hopf algebra H is finite 
dimensional and A is noetherian connected graded AS Gorenstein; 

(2) H is infinite dimensional and A is (not necessarily noetherian) AS regular. 
Since there is no known uniform definition to cover these cases, we present below 
the various definitions of homological (co)determinant. 

Case (1): Let ^ be a noetherian connected graded AS Gorenstein algebra with AS 
index I. Let d be the injectivc dimension of A and let R'^Tm{A) be the d-th local 
cohomology of A. Then the fc-linear dual i?''rTn(^)* is isomorphic to the graded 
A-bimodule '^A-^{—l) where fi is the Nakayama automorphism of A. Suppose H 
acts on A such that A is a left i/-module algebra. When H is finite dimensional, 
then H acts on R'''Tm{A)* from the right; see jKKZOQl Section 3] for more details. 
Let e € R'^TmiA)* be a basis element of the lowest degree (i.e., degree I). Then, 
there is an algebra homomorphism ^ : H ^ k such that 

t - h = 7(/i)e 

for all h e H. 

Definition 1.4. Retain the notation above. 

(a) By jKKZ09[ Definition 3.3], the composition ^ o S : H k is called the 
homological determinant of the 7J-action on A and it is denoted by hdet// A. 
If hdet// A — e, the counit, then we say that the homological determinant 
is trivial. 

(b) Let K{— H°) be a Hopf algebra coacting on A from the right (respectively, 
from the left) via the if -comodule map p : A ^ A ® K (respectively, 
p : A K (El A). The homological codeterminant of the if-coaction on 
A, denoted by hcodetif A, is defined to be the element D e A' such that 
p(e) = e ® D^^ (respectively, p(e) = D g) e). Note that D and D^^ are 
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necessarily grouplike (whence invertible) elements. We say the homological 
codeterminant is trivial if hcodetA' A = Ik- 

Case (2): Let A be an AS regular algebra for this case. By |LPWZ08l Corollary D], 
a connected graded algebra A is AS regular if and only if the Ext-algebra E oi A 
is Frobenius. Here, 

(El.5.1) E = ^E^t\Uk,Ak). 

Definition 1.5. Let A be an AS regular algebra with Frobenius Ext-algebra E as 
above. Suppose e is a nonzero element in Ext^(^fc,^ k) where d = gldimA. 

(a) Let iJ be a Hopf algebra with bijective antipode S acting on A from the 
left. By jKKZ09[ Lemma 5.9], H acts on E from the left. The homological 
determinant of the 7J-action on A, denoted by hdctn A, is defined to be 
r] o S where t] : H ^ k is determined by 

h - c ^ ri{h)e. 

We say the homological determinant is trivial if hdet// A — e where e is the 
counit of H . 

(b) Let be a Hopf algebra with bijective antipode S coacting on A from the 
right (respectively, from the left). By a dual version of |KKZ09| Lemma 
5.9], or Remark ll.Gf d). K coacts on E from the left (respectively, from the 
right). The homological codeterminant of the i^T-coaction on A, denoted by 
hcodctii", is defined to be D where p{t) = DcEJe (respectively, p(e) = e® D"-"^) 
for some grouplike element D G K. We say the homological codeterminant 
is trivial if hcodetj:/ A = Ik- 

Now we make some remarks concerning these definitions. If H is finite dimen- 
sional and if A is noetherian, then Definition (TTSja) agrees with |KKZ09[ Defi- 
nition 3.3] by |KKZ09| Lemma 5.10(c)]. Moreover under this assumption, Def- 
inition UlSlJb) agrees with |KKZ09| Definition 6.2] by |KKZ09| Remark 6.3 and 
Lemma 5.10(c)]. Definition II. 5( a') also appears in |LWZ121 Definition 1.11]. 

Note that the term "homological determinant" is prompted by group actions on 
commutative polynomial rings. More precisely, in the case that A is a commutative 
polynomial ring A:[a;i, . . . , a;„], and H = kG, for G a finite subgroup of GLn{k), 
hdetn A becomes the ordinary determinant detc : G k [KKZ09[ Remark 3.4(c)]. 
Hence, the homological determinant of the iJ-action A is trivial in this case if and 
only if G C SL„{k). 

Remark 1.6. Let H and K be Hopf algebras. Let A be a left iJ-module algebra, 
and E be the Ext-algebra 0j>o Ext^(Afc,A k). 
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(a) In general, E is not a left i7-module algebra. 

(b) |KKZ09| Lemma 5.9(d)] If H has a bijective antipode S, then the opposite 
ring E°P of E is naturally a left if-module algebra. As a consequence, E is 
a right iJ- module algebra induced by the left action of H on E°p. 

(c) The left A'-coaction in Definition II. 5f b) is induced by the right ii'-coaction 
given in jKKZOQi Definition 6.2]. 

(d) Suppose A is AS regular and K has bijective antipode. If A is a right 
iiT-comodule algebra, then is a left X-comodule algebra. 

Sketch proof of Remark \1.6Y d). Let A — GrMod^ be the category of graded left- 
right {A, A')-Hopf modules. It is a Grothendieck category with enough injective 
objects. Let A ~ Per^ be the full subcategory of A — GrMod^ consisting of objects 
having a finite free resolution. If / is an injective object in A — GrMod^, then 
|CG05| Lemma 2.2(3), Propositions 2.8(2) and 2.9] imply that Ext^(A/,/) = 0, for 
all p > and for all AI £ A — Per^ . In other words, every injective object / in 
A - GrMod^ is IIomA(A/, -)-acychc for any M in A - Per^. Note that if A is 
AS regular, then fc is in A — Per^ jSZ97[ Proposition 3.1.3]. As a consequence of 
acyclicity of /, Ext^(fc, k) can be computed by using an injective resolution of the 
second kin A- GrMod^. By |CG05| Lemma 2.2(3)], each Ext^(fc, k) is a right K- 
comodule. Therefore £' is a right AT-comodule. Applying the antipode S, we have 
that E is naturally a left A'-comodule. To show that A' is a left AT-comodule algebra, 
one needs to repeat a similar argument in the proof of |KKZ09l Lemma 5.9], but 
the details are omitted here. □ 

1.5. r-Nakayama algebras. Let r £ k^ . Let A be a connected N-graded algebra. 
Define a graded algebra automorphism of A by 

for all homogeneous elements x G A. 

Definition 1.7. Let A be a connected graded AS Gorenstein algebra such that 
the Nakayama automorphism exists (defined as in (jE0.0.1|) ) and let r e k^ . We 
say A is r-Nakayama if the Nakayama automorphism of A is £^r- Note that A is 
Calabi- Yau if and only if A is both 1-Nakayama and AS regular. 

In particular, the r-Nakayama property can be defined for connected graded 
Frobenius algebras and for AS regular algebras. 

2. MANIN'S quantum LINEAR GROUPS 

In this section, we recall Manin's construction of the quantum groups Oa{M), 
Oa{GL), Oa{SL), and Oa{GL/S'^) associated to an algebra A |Man88j . We review 
this mainly in the case when A is a quadratic algebra, but we also remark that the 
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same ideas apply to non-quadratic algebras at the end of the section. Note that 
examples of this material are provided in Section 5. 

2.1. Hopf actions on quadratic algebras. First, we introduce some notation. 
Let A he a, quadratic algebra generated by xi, a;2, • • • , a;„ in degree one, subject to 
the relations 

'^w ■ — ^ ^ Xi Xj 

for w = 1, • • • , m, where G k jMan88[ Chapter 5]. We assume that {ri, • • • , r^} 
is linearly independent. We will construct a universal Hopf algebra that coacts on 
A (Definition \2M Lemma [2J|. 

Let be a free algebra generated by {yij}i<ij<n- Consider a bialgebra structure 
on F defined by 

n 

(E2.0.1) ) = ^y^s (Xi Vsj and e(j/jj) = Sij, 

s = l 

for all 1 < i,j < n. The free algebra A' :— k{xi, ■ ■ ■ ,Xn) is a right i^-comodule 
algebra with comodulc structure map p : A' ^ A' <Si F determined by 

n 

3=1 

for 1 < t < n. 

Remark 2.1. Note that Manin uses left coactions in |Man911 IMan88j . yet the 
comodule structure map p above corresponds to a right coaction. By symmetry, all 
results in |Man88j hold for right coactions. In fact, later in this work, we will use 
both left and right coactions. 

Let A = k{xi, ■ ■ ■ ,Xn)/{R) where R = Q^ikri C Af^ . To determine a coaction 
oi K OYi A induced by the coaction of K on A' above, we use the following explicit 
construction. Let V = Ai and V* be the fc-linear dual of V. Identify (y*)®^ with 
naturally. The Koszul dual of A, denoted by A', is an algebra k{V*)/{R^) 
where i?^ is the subspace 

R^ := {a e I (a, r^) = 0, for all w} = {a e (1/*)®^ | (a, R) = 0}. 

By duality, 

R = {reV^^ I (i?^,r) =0}. 
Pick a basis for R^, say r'^ for u — 1, ■ ■ ■ , — m, and write 

"^u ~ ^ ^ -^i ■Xj 

hi 

for all 1 < u < — m. By the definition of R^, we have that 
(E2.1.1) J2'^'^=^ 
for all u,w. The following lemma is well-known. 
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Lemma 2.2. |Man88| Lemmas 5.5 and 5.6] Let K he a hialgehra coacting on the 
free algebra A' = k{xi, . . . , Xn) with p{xi) = Yl^=i <8i flsi for atj G K . Then the 
following are equivalent. 

(a) The coaction p : A' — > A' ® K satisfies p (R) C R® K , that is, 

X! c]idu0.kiaij = 

for all w, u. 

(b) The map p induces naturally a coaction of K on A such that A is a right 
K-comodule algebra. □ 

Let / be the ideal of the bialgebra F, defined at the beginning of this section, 
generated by elements j j. ^ d^'^ykiyij for all w, u. Now we can define the first 
quantum group associated to A. 

Definition 2.3. |Man88[ Section 5.3] The quant um matrix space associated to A 
is defined to be Oa{M) ~ F/I, which is a bialgebra quotient of F. 

It follows that Oa{M) is non-trivial since ()E2.I.I|) gives m{n'^ — m) quadratic 
relations between its generators yij. Thus, ©^(M) is noncommutative in general 
since for Oa{M) to be commutative, we need n^(n^ — l)/2 (quadratic, commuta- 
tive) relations. Moreover, Oa{M) is similar to the quantum group end (A) defined 
in |Man88| Section 5.3], but one sees that Oa{M) = (end(A))™°P because p cor- 
responds to right coaction and left coactions are discussed in |Man88| . On the 
other hand, we will see in the next proposition that Oa{M) coincides with Manin's 
eiid(A'). 

Before we proceed, we introduce additional notation. Let A" be the free algebra 
generated by (^i)*. Define a coaction of F on A" via p- : A" ^ F ® A", by 

n 

= ^yts'»xl. 

s=l 

To say. A" is a left F-comodulc algebra with the left coaction determined by p' . 
We provide more details on p' and its connection to the homological codcterminant 
as follows. 

Remark 2.4. Given a ii'-coaction on an AS regular algebra A with K having a bi- 
jective antipode, we can reinterpret the homological codcterminant via the coaction 
p' on the Ext-algebra of A. Let E denote the Ext-algebra ®j>o Ext^(fc, k). (If A is 
Koszul, then E is isomorphic to A' |Smi961 Theorem 5.9.4].) By Remark If. 6f d). E 
is a left i^T-comodule algebra and let p' be the left A'-coaction on E. Note that E is 
Frobenius |LPWZ08l Corollary D] . Let e be a nonzero element of maximal degree of 
E. Then kt is a left iiT-comodule. Since Ext^(fc,fc) can be naturally identified with 
(Ai)*, it is not hard to see that the left AT-coaction p' restricted on Fjxt\{Ak,A k) 
agrees with the induced left iiT-coaction on [Ai)* . Now by Definition 11.5( b). the 
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honiological codeterminant of the if-coaction on A is defined to be the element 
D G K such that 

p'(e) = D e. 

Note that D is called the quantum determinant by Manin |Man88[ Section 8.2]. 

Following jManSSl Section 8.5], we have the following result. 

Proposition 2.5. |Man88|, Theorem 5.10] Let K be a hialgehra (not necessarily F 
above) coacting on the free algebra A' = k{xi, . . . ,Xn) with p{xi) = X]r=i ^'^ ® "^si 
for Uij G K . Then the following are equivalent. 

(a) The coaction p : A' — > A' ® K satisfies p (R) C i? (g) K , that is, 
for all w, u. 

(b) The map p induces naturally a right coaction of K on A such that A is a 
right K-comodule algebra. 

(c) The map p' induces a natural left coaction of K on A' such that A' is a left 
K-comodule algebra. 

(d) There is a bialgebra homomorphism (j) : Oa{M) — > K defined by 4>{yij) — 

O-ij . 

Proof (a) ^ (b) This is Lemma lO 

(a) <^ (c) This follows from a version of Lemma [U for {A-,p-). 

(a) <^ (d) This follows from the definition of Oa{M). □ 

For any bialgebra B, Manin defines the Hopf envelope of B in |Man88| Chapter 7] 
and we use this to introduce the second quantum group associated to the (quadratic) 
algebra A. 

Definition 2.6. [Man88| page 47] The quantum general linear group associated 
to A is defined to be the Hopf envelope of Oa{M), and is denoted by Oa{GL). 
Abusing notation, we use ytj to denote the image of the generators yij of Oa{M) 
in Oa{GL). 

We see that Oa{GL) serves as the universal Hopf algebra that coacts on A 
inner-faithfully. 

Lemma 2.7. Let A be a quadratic algebra generated by Ai ~ (Bf^ikxi and K be a 
Hopf algebra coacting on A from the right. Write pxixi) ~ X]"=i ® Osi for some 
a si S K . Then the K- coaction is inner-faithful if and only if, for all I < i, j < n, the 
map 4> '■ yij o-ij induces a surjective Hopf algebra homomorphism from Oa{GL) 
to K. 
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Proof. By Proposition 12.51 there is a bialgebra honiomorphism <f) : C'yi(Af) K 
defined by 4>{yij) = aij for all Since K is a. Hopf algebra, by |Man88| The- 
orem 7.3(c)], this map extends uniquely to a Hopf algebra homomorphism (j) : 
Oa{GL) — > K where 4>{yij) = aij for all Let K' be the image of (/>, which 
is a Hopf subalgebra of K that coacts on A. If A"-coaction on A is inner-faithful, 
then K' = K, namely, the map (j> is surjective. Conversely, if if-coaction is not 
inner-faithful, there is a Hopf subalgebra K' C K such that p{A) C A ® K' . By 
definition, each is in K' . By |Man881 Theorem 7.3(c)], (/) maps Oa{GL) to K' . 
Here, (p is not surjective. □ 

2.2. Hopf actions on non-quadratic algebras. In order to describe Hopf ac- 
tions on A^-Koszul algebras for iV > 3, we have to consider connected graded alge- 
bras that are not quadratic. The definition of an Ai"-Koszul algebra will be reviewed 
in Section m For the rest of this section, we consider general connected graded alge- 
bras which are not necessarily quadratic and collect some basic facts without proofs. 
Let A be connected graded algebra generated by a finite dimensional graded vector 
space W and be a Hopf algebra coacting on A via 5 : A ^ A® K from the right 
such that: 

(HI) each homogeneous component Ai is a right A'-comodule; 
(H2) A is a right if-comodule algebra; and 
(H3) if-coaction on W is inner-faithful. 
The following is the first quantum group to which we associate to A. 

Definition-Lemma 2.8. |Man88[ Sect ion 7.5] There is a quantum general linear 
group, denoted by Oa{GL) (see Definition \2.6\ when A is quadratic), coacting on 
A, via 

p: A^ A®Oa{GL). 

This coaction has the universal property: for every K-coaction 5 on A, there is a 
unique Hopf algebra morphism 7 : Oa{GL) — > K such that 6 = (M® 7) o p. □ 

Further, 7 is surjective since the if-coaction is inner- faithful (see Lemma l2.7p . 
Now to introduce the last two quantum groups associated to A in this section, 
suppose that A is AS regular. 

Definition 2.9. Let A be an AS regular algebra. Let D be the homological code- 
terminant of the C'^(GL)-coaction on A. 

(a) [Man88[ Section 8.5] The quantum special linear group associated to A, de- 
noted by Oa{SL), is defined to be the Hopf algebra quotient C'a(GL)/(D — 
Ik). 

(b) Let / be the Hopf ideal generated by {^^(a) - a | for all a e C'a(GL)}. The 
quantum S'^-trivial linear group associated to A, denoted by OAiGLj S^), 
is defined to be the Hopf algebra quotient Oa[GL)/L 
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Both Oa{SL) and OAiGL/S"^) are Hopf algebras eoacting on A from the right 
such that A is a comodule algebra. The following lemma follows from the universal 
property of Oa{GL). 

Lemma 2.10. Retain the setting of Definition \2.^ and assume (H1)-(H3). 

(a) // the K -coaction has trivial homological codeterminant, then the quotient 
morphism 7 : Oa{GL) — > K factors through Oa{SL). 

(b) If = Mk, then the quotient morphism 7 : Oa{GL) — > K factors through 

Oa{gl/s^). a 

3. Hopf actions on Frobenius algebras 

Let E he a, connected graded Frobenius algebra. The goal of this section is to 
study Hopf actions on E. We first determine the Nakayama automorphism fiE hi 
terms of a basis of Ei; see Equation (jE3.0.4p below. 

Let / be the highest degree of any nonzero element in E, and let e be a nonzero el- 
ement in El. Since E is Frobenius, the multiplication of E defines a non-degenerate 
bilinear form 

Ei X kc = k{-l) 

for each < i < I jSmi961 Lemma 3.2]. Pick any basis {ai, • • ■ , a„} of £'1. There is 
a unique basis of Ei-i, say {bi, ■ ■ ■ , &„}, such that 

(E3.0.1) a^bj = S^jC 

for all I < i, j < n. Moreover, there is a unique basis of Ei, say {ci, • • • , c„}, such 
that 

(E3.0.2) b,Cj = 6,jC 

for all 1 < i, j < n. Therefore, there is non-singular matrix a = {aij)fj^i such that 

n 

(E3.0.3) = ^ ct-ijUj 

for all i. By the definition of Nakayama automorphism, fiE maps Oi to Ci, or in 
other words 

n 

(E3.0.4) tiEjai) = ctjjaj 

for all i. Throughout this work, we refer to a = {c^ij) as the matrix associated to 

Now let be a Hopf algebra eoacting on E from the left such that i5 is a left K- 
comodule algebra. The if-coaction (via comodule structure map p) preserves the 
grading of E. By |Man88[ Theorem 5.2.2], there is a canonical map 7 : Oe{GL) 
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K (see Lemma [2.71 when E is quadratic). So if {yij}i<i,j<n is a set of elements in 
K such that 

n 

(E3.0.5) pjaj) = y^^Uts <E)as 

s=l 

for all i, then A(j/.y) Y.'l=i Vis ® Vsj and e{y,j) = 5,^. 

For simplicity, denote the matrix {yij)nxn by Y. For any matrix W = {wij)nxn 
in Mn{K), write S'(W) = {S{w^j))nxn■ Choose h and as in (jE3.0.11 [EXa2)) and 
write 

n 

p{h) ^^hs <8>6s, 

s=l 

n 

for elements fisiQis in A". Note that each gij is in the space 'Ylist^Vst- If ^ 
is generated in degree 1, then each fij is contained in the subalgebra generated 
by {Vst}s^t- Similarly, let F = (/y)„xn and G = igij)nxn be the corresponding 
matrices. 

Lemma 3.1. Retain the notation above and let I be the n x n identity matrix. 
Let D be the homological codeterminant of the left K-coaction p on E. (This is 
applicable to E in Definition \1.5Y b) for instance.) We have the statements below. 

(a) YS{Y) = I = S{Y)Y. 

(b) GS{G) = I = 5(G)(G. 

(c) YF'' = DI. As a consequence, S{Y) = F^(D-il). 

(d) 5(F)S'(Y^) = D-il. 

(e) S{G)S{¥^) = D-il. As a consequence, S{¥^) • DI = G. 

(f) 5'2(Y) = DI • G ■ D-il. 

(g) G = aYa^^ where a = (ctij). 

Proof, (a) By definition p{ai) = X]s=i Vi'^ ® '^s f'^^ all i. By the coassociativity of 
p, we have 

n 

MUij) ^^yisf^ ysj and e{y^j) = Sij 

s=l 

for all i, j. The assertion follows from the antipode axiom. 

(b) This is similar to (a). 

(c) Applying p to the equation Sijt — Oibj, we have by Definition II. Sf b*) that 

SijD^ e = Vis ® ■^J* ® ^ X! yi^fi'^ ® ^■ 

This implies that YF^ = DI. Since D is invertible in K, we have that Y(F^D-il) = 
1. So F'^D~^I is a right inverse of Y. By part (a), S{Y) is an (left and right) inverse 
of Y. Hence, 5(Y) = F^D-^I. 
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(d) This follows by applying S to YF^ = DI from part (c), and using the fact S is 
an anti-endomorphism of K. Note that D is necessarily grouplike, so S{D) = D^^. 

(e) Applying p to the equation SijZ = biCj, we have that 



.,jU (X) e = fis ® b}^ Qjt = ^ fisgjs e, 

which implies that FG^ = DI. Applying S we obtain that S'(G)5(F^) = Q-H. The 
last assertion follows by the fact has the inverse G by part (b). 

(f) The assertion follows from parts (c,e). 

(g) This follows from applying p to the equations Ci = Sjli ^ij'^j ^^'^ linear 
algebra. □ 

We now define an algebra endomorphism 77^^ of K depedent on the Nakayama 
automorphism pE of the Frobenius algebra E. First choose a basis {a;}"^]^ of Ei 
and let a e Af„ {k) be the matrix oi pE \ei with respect to this basis (c.f. (|E3.0.4I) V 
Let Y = (yij)„xn where p (a,) = X^lLi J/is ® and define 

(E3.1.1) (?7^^ (y.y))nx„ = r;^^ (Y) = aYa-\ 

If the /C-coaction on Ei is inner-faithful, then the entries of Y generate K as a 
Hopf algebra. In this case, we show below that ()E3.1.ip extends to an algebra 
endomorphism of K which is independent of the choice of basis {flj}"^]^ of Ei. 

Theorem 3.2. Assume that 

(i) E is connected graded and Frobenius with Nakayama automorphism pe; 

(ii) K is a Hopf algebra with antipode S coacting on E such that the left K- 
coaction on Ei is inner-faithful; and 

(iii) D Cz K is the homological codeterminant of the left K-coaction on E. 

Then (|E3.1.1[) determines a unique Hopf algebra endomorphism of K , still denoted 
by , and 

(E3.2.1) 7j^,{y,,)^D-'S'{y,,)D 

for all i,j. As a consequence, the antipode S of K is surjective. 

Proof. By Lemma ISHT f-g). 

D-i5^(Y)D = G = aYa-i = 7?^b(Y) 

which is (jE3.2.1[) . Let rjo be the conjugation by D. Then ?/□ o S*^ is a Hopf algebra 
endomorphism of K . Equation (|E3.1.1|) says that 77^^ = rjo o S'^ when applied to 
yij. Since {yij} generates if as a Hopf algebra, there is a unique Hopf algebra 
endomorphism of K which extends 77^^ . We denote this endomorphism by 77^^ 
again. By (|E3.1.ip . 7/^^ = 7jo o 5^ on aU of K. 
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By definition, rj^^^ is bijective when restricted to the space spanned by {yij}ij- 
Therefore, rj^j^ is surjective on K. Since rjo is an automorphism, S'^ is a surjection. 
Therefore, 5* is a surjection. □ 

Theorem 3.3. Suppose that 

(i) E is connected graded and Frobenius; 

(ii) the map i^ie \ Ei is scalar multiplication 

(iii) E is a left K -comodule algebra such that the K-coaction on Ei is inner- 
faithful; and 

(iv) the K-coaction on E has trivial homological codeterminant. 

Then = Id. If in addition, char A; ^ (or charfc \ dimH), then H = K° is 
semisimple. 

Proof. By hypothesis (ii) and (|E3.1.H) . 7/^^ is the identity on yij € K for all i,j 
for {uij} in (|E3.0.5|) . By hypothesis (iii) and Lemma Fl-Sf b). is the identity on 
K. By Theorem 13.21 we have that S'^{y) = DyD^^ for all y ^ K. By hypothesis 
(iv), D = 1, so S"^ = Id. By a theorem of Larson-Radford |LR88[ Theorem 2.5], if 
char A: ~ (or char A: \ dmiH), then H is semisimple. □ 

Remark 3.4. The automorphism ry^^ is defined by using a basis of {oi}"^^ of Ei. 
Theorem 13.21 shows that the construction 77^ is independent of the choice of such 
a basis. 

4. Proof of the main results 

In this section, we prove Theorems 10.11 10.41 and 10.61 First we introduce and 
provide preliminary results on N-Koszul algebras. The concept of an A'^-Koszul 
algebra was introduced by Bcrgcr in [BerOlj . If iV = 2, then an A^-Koszul algebra 
is just a usual Koszul algebra. The following is the definition for general N . Let V 
be a finite-dimensional fc- vector space and let N be an integer larger than 1. Let 
i? be a subspace of F®" and let A = k{V)/{R). The algebra A is called N -Koszul 
if the left trivial ^-module k has a free resolution of the form 

> A{-s{i)f^ > A{-s{2)f^ A{-s{l)f' A^k^Q 

where s{2j) = Nj and s{2j + 1) = Nj + 1; see [BerOll Definition 2.10] and the 
discussion in [BerOll Section 2]. We need the following property about A^-Koszul 
algebras to prove some of our main results. 

Lemma 4.1. |BM061 Theorem 6.3] Let A be an N-Koszul AS regular algebra of 
global dimension d. Let be the Nakayama automorphism of A (as defined in the 
introduction) and let fiE be the Nakayama automorphism of its l^xt-algebra E (as 
defined m dELSJJyl. Then he \e,^ {-l)'^^Hl^A \a,)* . □ 
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Let A be an iV-Koszul AS regular algebra with {xi, ■ ■ ■ , a;„} a basis of Ai. Retain 
the notation in the lemma above, and let M be the matrix {mij)nxn such that 

n 

for all i. If {x*}f^i is the basis of Ei :— Ext^(fc, /c), which is dual to the basis 
{2^i}"=ii then by Lemma HTTl 

n 

i=i 

for all i. Note that if we use the notation induced in (|E3.0.4p . then we have that 
a = (— 1)'*+^M'^ is the matrix associated to the Nakayama automorphism of E. 

Now consider the automorphism rj^-r^ on K defined by conjugating by the trans- 
pose of the corresponding matrix M of ^a- 

n 

(E4.1.1) nf,^^{yij) = ^ nisiystrijt, 

s,t=l 

for all 1 < i, j < n. Here, (ny)„xn = M^^. 
We are now ready to prove Theorcm lO.il 

Proof of Theorem\OJl By |Man88[ Section 7.5] (also by Remark [L6ld)). K coacts 
on E from the left such that i5 is a left if-comodule algebra. If the right K- 
coaction on Ai is given by p{xi) = X]j=i ■''j ® j/ji, then the left i^-coaction on 
El = Ext^(A:,fc) is given by p{x*) ~ X]j=i ® ^i- Since the X-coaction on A 
is inner- faithful and A is generated by Ai, by Lemma [1.3f c). the /f-coaction on 
Ai is inner-faithful. Hence the JC-coaction on Ei is inner- faithful. Therefore by 
Theorem 13.21 ?;^^ = ?/□ o S^. Here, D is the homological codeterminant of the left 
if-coaction on E. Also by Definition II. 5f b). D is the homological codeterminant of 
the right if-coaction on A. By Lemma [ITTl we get that /.i^ \ei= (^I)'^^^(ma Ui)*- 
Now 77^^ = rif,r^ holds by (|E3.1.1|) . (E4.1.1), and the equation a = {-l^+'^Mr 
above. The assertion follows. □ 

Remark 4.2. We conjecture that a version of Lemma [4.11 holds for general AS 
regular algebras generated in degree 1. If this were true, then Theorem 10.11 holds 
for any AS regular algebras that are generated in degree 1, particularly for those 
that are not necessarily A^-Koszul. 

Next we aim to prove Theorem 10.41 Let {pij | z < j} be a set of parameters 
in . For this set, let kp.. [xi, - ■ ■ ,Xn] be the skew polynomial ring generated by 
xi, - ■ ■ ,Xn and subject to the relations 

XjXi ~ PijXiXj 

for all i < j. Here, we take pu = 1 and pji ~ pj-^ for all i < j- 
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Theorem 4.3. Suppose k is algebraically closed. Let A be the skew polynomial 
ring kp^. [xi, • • • , Xn\- Suppose an I -dimensional Hopf algebra H acts on A inner- 
faithfully. Assume that, for each pair {i,j) of distinct indices, YYl^i{PiaPaj) is not 
a 2l-th root of unity. Then H is a group algebra. 

Proof. It is known that A is a Koszul algebra and A' is Frobenius. We have a basis 
{x*, . . . , x* } of A^, subject to the relations 

x*x* +p~j^x*x* for all i < j and {x*)'^ — for all i. 

Let {xl, . . . , i* } be a basis of A':^_i where x* :~ xl ■ ■ ■ x*_j^x*_^-^ ■ ■ ■ x* . Moreover, 
take e to be X* ■ • ■ X* e A^^- ^ow x*x* = ^l^Pr/) ' ' ' i^P7-i.i)^- Let bj denote 
(-Pij) ■ ■ ■ {~Pj-i,])x] so that 



Xibj 5ijZ. 



Compare this to Equation (jE3.0.ip . 
On the other hand, 

biX* = [-Pii) ■ ■ ■ {-Pt-i,t)x*x* 

i—1 n 
a—l a— 2+1 

Let Cj denote Y\^^i[—'^)^^^PjaX* so that 

Compare this to Equation (|E3.0.2p . 

By Equations (|E3.0.3| lE3.0.4p . we have that the Nakayama automorphism iij^< 
is defined by 

n 

llAx:) = {-lT+'\{p^aX*. 

a=l 

Hence the matrix associated to /i^i is the diagonal matrix a with (i, i)-cntry being 
( — 1)"+^ YYl=i Pia- Now let {yij} be elements of K satisfying Equation (|E3.0.5|) and 
Remark 12.41 to say 

n 

p'i^*) = ^yis<»xl. 

s=l 

Put Y := (yij). Then the (z, j) entry of aYa^^ is g^yij, where = DlLiPmPai- 
Now for K = H° coacting on A, we aim to show that K is commutative. Recall 
that I = dim/v = dimiJ < oo. Let rjo be the conjugation automorphism by the 
homological codeterminant D of the X-coaction. Then Theorem 10.11 implies that 
rjooS'^ sends to qijyij. Since S'^(D) = D, t]d commutes with S^. Since D G K , the 
order o(D) of D divides I by the Nichols-ZocUer theorem |Mon931 Theorem 3.1.5]. 
By Radford's theorem, (see |RS02[ page 209]), we have that o{S^) | 2^ . So m 
0(770 o 5*^) divides 21. For any i ^ j, 



y^^ = [r^^oS^r{y,,) = q^y,,. 
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Since we assume that o{qij) does not divide 21, we have that ^ 1. Thus yij ~ 
for all i ^ j. Thus K is generated by grouplike elements yu. Since yij = for all 
* 7^ Jj P'i^l) — Uii ® fo'' 8-11 *• Then the relation x*x* ~ —pjiX*x* implies that 
yu and yjj commute. Therefore K is commutative, and H = K° is a group algebra 
as desired jMon931 Theorem 2.3.1]. □ 

Proof of Theorem \0.4\ Here we take pij ~ p for all i < j. It is direct to check that 
lij Y[2=i(PiaPaj) = is not a root of unity for all i ^ j, since p is not a 

root of unity. Hence Theorem 10.41 follows from Theorem 14.31 □ 

Finally, we prove Theorem 10.61 below. 

Proof of Theorem 1 0. 6T Retain the notation as above and assume that the hypothe- 
ses of Theorem l0.6l hold. When A is r-Nakayama of global dimension d, the matrix 
M corresponding to the Nakayama automorphism is {—ly'^^rl by Lemma [4T] 
In this case, Theorem 10. II states that 

D-iS'2(Y)D = (M^)-iYM = Y. 

Since we also assume that the if-coaction has trivial homological codeterminant, 
we have D = 1. Thus 

or is the identity on the set {yij}- By Lemma ri.3r bl. K is generated by {yij} 
as a Hopf algebra. Thus is the identity on K. Since we assume that charfc = 0, 
K is semisimple by |LR88[ Theorem 2.5]. □ 

A natural question is when the skew polynomial A := fcp.^ [xi, • • • ,x„] is r- 
Nakayama. By the proof of Theorem 10.41 and Lemma [4.1i ^^(xi) = (JXl^iPia)xi 
for each z = 1, • • • ,n. Hence, A is r-Nakayama if and only if na=i-Pia = ^or all 
i. Note that n"=i (na=i ^'i") ^ ^- This implies that r" = 1. So, A is r-Nakayama 
if and only if r" = 1 and pu = r^^ Y\l=2Pia foi' every i. Here, {pij}2<i<j<n are 
independent variables. A special case occurs when pij = — 1 for all 1 < i < j < n; 
in this case, A is (— 1)""^-Nakayama. 

5. Examples 

In this section, we provide some explicit examples of the main results and of 
some of the quantum groups discussed in Section 2. In particular, we take A to be 
an AS regular algebra of global dimension 2. We show that if such an A is non-PI, 
then there are no non-trivial Hopf algebra actions on A (c.f. Theorem I5.10p . We 
also prove Proposition [031 here. 
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5.1. For the skew polynomial ring A = Ap -.^ kp[xi,X2]- Recall that 

Ap := kp[xi,X2] = k{xi,X2)/{x2Xi ~pxiX2)- 
Suppose a Hopf algebra K coacts on Ap with 

p{xi) = xi-S) yii + X2® y2i- 
for some ysi G K for i = 1,2. 

Lemma 5.1. If K coacts on Ap, then we get the following relations for {yij}: 

yi22/ii -pyiiyi2 = 0, 

2/222/21 - P2/21?/22 = 0, 

y222/ii - P2/2iyi2 = D, 

2/11^22 -P~^2/122/21 = D, 

where D is the homological codeterminant of the K-coaction on Ap. 

Proof. Since K coacts on Ap, the coaction p maps the relation of Ap to zero. This 
means that p{x2Xi ^ PX1X2) £ k{xi,X2) ® K generates a 1-dimensional right K- 
comodule. Hence, there is a grouplike element g (z K such that 

p{x2Xi - PX1X2) = {x2Xi - PX1X2) ® g 

= X1X2 ® {—pg) + X2X1 ® g. 

By a direct computation, we have that 

p{x2Xi ~ PX1X2) = xl® 2/122/11 + X1X2 ® 2/122/21 + X2X1 ® 2/222/11 +xl® 2/222/21 

- p{x\ ® 2/112/12 + X1X2 ® 2/112/22 + 2:2x1 ® 2/212/12 + xl® 2/212/22) 
= (g) (2/122/11 - P2/112/12) + X1X2 ® (2/122/21 - P2/112/22) 

+ X2X1 ® (2/222/11 - P2/212/I2) +xl® (2/222/21 - P2/212/22)- 

By comparing the coefficients of x^Xj-'s, we have that 

2/122/11 -P2/112/12 = 0, 
2/222/21 -P2/212/22 = 0, 
2/222/11 -P2/212/12 = ff, 
2/112/22 -p~^2/i22/2i = 5- 
Using the notation at the beginning at Section 3, we have that 

^! _ ^ _ fe(x*, X2) 

{xlxl+p~^xlxl, [xlY, {xDY 

Pick e = a::5;x2 ^ Finally, applying p' (discussed in Remark 12.41) to e, we have 
that the homological codeterminant D is given by 

p'(e) = D (g) e = (2/11 ®xl+ 2/12 ® x2)(2/2i ®xl+ 2/22 a;2). 

Thus D = g = '2/112/22 ^ P^^2/i22/2i- The assertion follows. □ 
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The following is an application of Lemma IS-lf c). 

Lemma 5.2. Retain the above notation. 

S{yii) = 2/22D"\ 
S{yi2) -pyi2D"\ 
S{y2i) = -p^^y2iD^^, 
S{y22) = yiiD"^ 

Proof. Let ai :— x^, 02 := x^, be a basis of Ei. Now wc need a basis 62} of i?i 
so that Oibj ~ SijC. Here, hi ~ xi, ~ 02 and &2 = "P^^i ~ ^po-i- Thus 

= 2/21 ® a;i + 2/22 ® 2:2 = -p"iy2i ® ^2 + 1/22 ^ ^1, and 

p'(&2) = -TOii ® - pi;i2 ® ^2 = yii «) 62 -rai2 61. 

Therefore, the result follows from Lemma FS.lf c). □ 

Towards the proof of Proposition 10.71 let us assume that K is semisimple. We 
now get the following relations among {ytj}. 

Lemma 5.3. Suppose that 5^ — Id. Then K has relations 

y2iyn = p"^yii2/2i, 

2/222/12 = P"^2/l22/22, 
P2/212/12 =P"^2/122/21, 
2/222/11 = 2/112/22- 

Proof. We have from Lemma [3. If a) that 

2/22D"^2/l2 = P2/l2D~^2/22, 

2/210-^2/11 = raiiD-^2/21, 
2/22D"^2/ii -m2D"^2/2i =1, 
2/iiD"^2/22 -p"^2/2iD"^2/i2 = 1- 

Applying S*^ to yij , we obtain that 

S^yn) = D2/iiD"i, 

5^(2/12) =/D2/i2D-\ 

5'(2/2i)=P"'D2/2iD-\ 

5^(2/22) = D2/22D-\ 

Since — Id, we have that 

D2/11 = 2/iiD, 
D2/12 =:p-^2/i2D, 
D2/21 =p^2/2iD, 
D2/22 = 2/22 D. 
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Hence, the first and last set of equations, along with LemmaEHl yield the result. □ 

Now we compute the quantum groups OA^iSL) and OAp{GL/S'^) associated 
to Ap (Definition 12. 9p . To do this, we consider a two-parameter family of quan- 
tum GLm denoted by GLa,p{n); such quantum groups were defined by Takeuchi 
|Tak901 Section 2] . It follows from the definition that the standard quantum group 
Oq{GLn{k)) is equal to Takeuchi's GLq,q{n). 

Proposition 5.4. Suppose that a finite dimensional Hopf algebra K (with antipode 
S ) coacts on the skew polynomial ring Ap with S"^ ~ Idx ■ Then K is a Hopf 
quotient of Takeuchi's quantum group GLpp-i(2). As a consequence, the quantum 
group Oa,{GL/S^) ^ GLp^p-i{2). 

Proof. The relations in Lemma 15.11 and 15.31 combined give all relations of quantum 
group GLp^p-i{2) as defined in jTak90| Sect ion 2]. Hence, the assertion follows. □ 

Proposition 5.5. Suppose that the K-coaction on Ap has trivial homological code- 
terminant, then K is a Hopf quotient of Op{SL2{k)). Thus, Oap{SL) = Op{SL2{k)) 

Proof. Since the if-coaction has trivial cohomological determinant, D = Ik- Now 
the relations in Lemma 15.11 the relations obtained from applying the antipode 
(computed in Lemma 15. 2p to these relations, together with D = Ik provide a 
complete set of relations for Op{SL2{k)). The assertion follows. □ 

Now we are ready to prove Proposition 10.71 

Proof of Proposition \ 0. 7\ Let K = H° . Then K coacts on k[xi,X2] inner-faithfully. 

Since H is semisimple, so is K. Consequently, Sk = IAk- By Proposition 15.41 
K \s & Hopf quotient of GLpp-i{2), where p = 1 in this case. Since GLia{2) = 
0{GL2) is commutative, so is K. Therefore H is cocommutative. Since H is finite 
dimensional over an algebraically closed field, iJ is a group algebra as desired. □ 

5.2. For the Jordan plane A = Aj := kj[xi,X2]- In this subsection, we provide 
computations similar to those in the previous subsection for the algebra 

Aj := kj[xi,X2] = k{xi,X2)/{x2Xi - xiX2 - x^). 

Suppose that Aj is a if-comodule algebra with comodule structure map 
p : Aj ^ Aj (g) K defined by 

p{xt) = a;i (8) au + X2 ^ a2i 

for some Osi G K with i = 1,2. 
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Lemma 5.6. Retain the notation above. Let D be the homological codeterminant 
of the K -coaction on Aj. Then we have that 

ai2aii - aiiai2 - an = -D, 
ai2a2i - aiia22 - 011021 = -D, 
022011 - 021012 - 021011 = D, 

022021 — 021O22 — O21 = 0. 

Proof. As before in Subsection 5.1, use the coefBcicnts of p(a:2a;i — a::ia:;2 — xf). □ 

The next lemma is an apphcation of Lemma iB.lT c). 

Lemma 5.7. Retain the notation above. Then 
S{aii) = (022 + 02i)D"\ 
'S'(oi2) = (-On - ai2 + 021 + 022)D"\ 
'S'(o2i) = -a2iD"\ 

'S'(o22) = (on - 02i)D~^ □ 

Moreover, the foUowing lemma follows from Lemma [5771 

Lemma 5.8. Retain the notation above. Then 
^2(aii) = D(aii-2a2i)D-\ 
S'2(ai2) = D(ai2 + 2aii - 2022 - 4a2i)D-\ 
S^{a2i) - Da2iD-\ 

^'(022) = 0(022 + 2021)0-1. □ 
Now we will see that K must be a group algebra as in the skew polynomial case. 

Proposition 5.9. Suppose that K coacts on Aj inner-faithfully with dim A' = / < 
C!0, with K not necessarily semisimple. If char k = 0, then K = kG where G = C„ 
for some n. 

Proof. Using the notation introduced in Section 1, we have that K is generated by 
elements D, D^^ and {0^^}^ .,=1.2. Let rjo be the conjugation automorphism by 0, 
namely, rjo : f D^^/D for all f G K. Lemma [5751 implies that rjo o sends on 
to On — 2a2i. 

On the other hand, since S^{D) = D, rjo commutes with S^. Since the subalgebra 
generated by D is a Hopf subalgebra of K, we have that the order o(D) of divides 
/. By Radford's theorem [RS021 page 209], o{S^) \ 21. So m := o(?7d o S^) divides 
21. By a computation, 

On = (?/£! o S'^)'"(oii) ^ On - 2mo2i. 
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Since we assume that char k = 0, we have 2m ^ in k. Thus 021 =0. An argument 
usmg {rjD o 5'^)™(ai2) = ai2 shows that an — 022 — 0. Thus K is generated by two 
elements an and ai2 with 

A(ai2) = an ai2 + ai2 ® an. 

Then a^iai2 is a primitive element. Since K is finite dimensional and A: = 0, there 
is no non-trivial primitive element. Therefore ai2 = and K is generated by an. 
As a consequence, K ~ kCn for some n. □ 

Theorem 5.10. Let k be algebraically closed and A be a noetherian non-PI AS 
regular algebra of dimension two that is generated in degree 1. Suppose a finite 
dimensional Hopf algebra H acts on A inner- faithfully. Then H is a group algebra. 

Proof. Since k is algebraically closed, every AS regular algebra of global dimension 
two is isomorphic to either kp[xi^X2] or kj[xi,X2\- 

Case 1 : A — kp[xi,X2\. Since A is not PI, p is not a root of unity. The assertion 
follows from Theorem 10.41 

Case 2 : A = fcj[xi,.T2]. Since A is not PI, char A: = 0. The assertion follows from 
Proposition 15.91 □ 

Now that we have studied Hopf actions on AS regular algebras of global dimen- 
sion 2, where the Gelfand-Kirillov dimension of H is 0. We finish with a question. 

Question 5.11. Let p be not a root of unity and A = kp[xi^X2]. Is there a 
noncommutative Hopf algebra K of GKdim 1 coacting on A inner-faithfuUy? 
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